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WAVES OF FINITE AMPLITUDE IN A HOT PLASMA 

Yu. A. B e r e z i n  

Zhurna l  P r i ldadno i  Mekhaniki  i. Tekhnieheskoi  Fiz iki ,  

A study is made of a plane shock wave of arbitrary strength propagat- 
ing in a hot rarefied plasma across the magnetic field. The question 
of the propagation of nonstationary waves of finite but small ampli- 
tude under these conditions is examined. 

Fairly detailed studies have been made of waves of finite amplitude 
in a cold rarefied plasma. The profile of such waves is formed as the 
result of nonlinear and dispersion effects, the dispersion effects being 
caused by electron inertia and plasma anisotropy. If the gas-kinetic 
pressure of the plasma is taken into account, then dispersion effects 
appear which are associated with the fact that the Larmor radius of 
the ions is finite. Stationary waves O f small but finite amplitude propa- 
gating across the magnetic field in a hot plasma (when the gas-kinetic 
pressure p is comparable with the magnetic pressure H~/8~r) have been 
treated in [i, 2]. In [i] an isolated rarefaction wave was found in a 
hot plasma, instead of the compression wave characteristic of a cold 
plasma, and a qualitative picture of the shock wave structure was giv- 
en. In [2] a study was made of a small-amplitude shock wave with the 
finite size of the ion Larmor radius taken into account. The present 
paper investigates the structure of shock waves of arbitrary strength 
which propagate across the magnetic field in a fairly hot rarefied plas- 
ma, and also examines nor, stationary waves of finite but small ampli- 
tude excited in a plasma by a "magnetic piston" acting over a limited 
time interval. 

NOTATION 

p-gas-kinetic pressure; H-magnetic field; u, v--macroscopic ve- 
locities along the x and y axes; p--density; me(mi)--mass of electron 
(ion); o--plasma conductivity; f2H--ion-eyclotron frequency; V A-  
Alfvgn velocity; c-velocity of light; )'--adiabatic exponent; V-- 
specific votume; c%d~%i)--electron (ion) plasma frequency; s~-- 
velocity of sound. 

I. Bas ic  equa t ions .  The in i t ia l  s y s t e m  of  equat ions 
c o n s i s t s  of  the equat ions  of  mot ion  of the e l e c t r o n  and 
ion components  of  the p l a sma ,  the  equat ions  of con-  
t inui ty  and M a x w e l l ' s  equa t ions .  The p l a s m a  is  a s -  
sumed  to be q u a s i - n e u t r a l .  The g a s - k i n e t i c  p r e s s u r e  
is  in t roduced  into the equat ions  of  motion,  and th is  
has  a t e n s o r  c h a r a c t e r  due to the fact  that  the ion d i s -  
t r ibu t ion  does not  have  s p h e r i c a l  s y m m e t r y .  We shal l  
take  the mot ion  to be one -d imens iona l ,  i . e . ,  a l l  quan-  
t i t i e s  depend on the x coord ina te  and t i m e  t only.  The 

magne t i c  f ie ld  i s  d i r e c t e d  along the z ax i s .  We shal l  
wr i t e  the bas i c  s y s t e m  of equat ions  in the f o r m  of laws 
of c o n s e r v a t i o n  of  m a s s ,  m o m e n t u m  (along the x and 

y axes) ,  e n e r g y  and magne t i c  f lux 

0p 0 
ot -I- ~ ; ( p ~ )  = 0 ,  (p = p~ + p0), 

0 0 H~ 
0-T 

, Pi Ov e m i t  0 { t  OH~] 

0 e l  Pi Ou'l 
o--T (Pv) (1.1) 

NO. 6 ,  pp. 26 -32 ,  1965 

0 p H 2 t 2 t mimeC2 OH s 
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H~ Vi O( ~ OH)] ~( ~'~ OH)0~, 
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mimec2 {t__ OH, I e~ H OH[ = 
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1 v (i. 1) v = ~(pl  i@PeYe), t l=pi-Jr-pe ,  ~ u =  e H_H 
mie' (eont'd.) 

H e r e  O is  the  dens i ty  of the p l a sma ,  u i s  the x c o m -  
ponent of the m a c r o s c o p i c  ve loc i ty ,  v i s  the y c o m p o -  
nent of  ve loc i ty ,  p is  the p r e s s u r e ,  e i s  the p l a s m a  

conduct iv i ty  which we will�9 take  as cons tant .  
If  the p l a s m a  conduct iv i ty  i s  l a rge ,  then the equa-  

t ions  of  s ta te  of  the e l e c t r o n  and ion ga se s  wi l l  not be 
much  d i f fe ren t  f r o m  the  adiabat ic  equat ions  with an 
e f fec t ive  adiabat ic  exponent  T - 2 (since we a r e  con-  
s i d e r i n g  mot ion  a c r o s s  the magne t ic  f ield) .  Thus we 
m a y  se t  Pi = ~P with a suff ic ient  d e g r e e  of accu racy ,  
w h e r e  ~ = eons t  is the ra t io  of  the ion gas p r e s s u r e  
to the total  p l a s m a  p r e s s u r e .  

To find the wave dispersion law we linearize the 

system of equations (I. 1) as usual and seek a solution 

in the form of plane waves, as a result of which we 

obtain 

(~)~ so,+ VA~{ i t /2~pop k2}, 

"i 

r = Y'4-~poe 2 / rn~me , r --: U-4~oe ~ / mi ~-, (i.2) 

where  P0 and P0 a r e  the  unper tu rbed  p r e s s u r e  and den-  
s i ty  of  the p la sma ,  r e s p e c t i v e l y ,  and s o i s  the ve loc i ty  
of sound. 

If the g a s - k i n e t i c  ion p r e s s u r e  is  s m a l l  enough c o m -  
pared  with the magne t i c  p r e s s u r e ,  the f i r s t  t e r m  in 
the b r a c k e t s  in e x p r e s s i o n  (1.2) p r edom ina t e s ,  r e s u l t -  
ing in nega t ive  d i s p e r s i o n  (the phase  ve loc i ty  of sma l l  
pe r tu rba t ions  d e c r e a s e s  as the  wavelength  d e c r e a s e s ) ;  
in th is  case ,  as  i s  wel l  known, the c h a r a c t e r i s t i c  l in -  
e a r  d imens ion  of  the s t a t i ona ry  c o m p r e s s i o n  waves  i s  
of  the o r d e r  of  c/c00e. However ,  if  the ga s -k ine t i c  
p r e s s u r e  of  the ions i s  high enough (hot p lasma) ,  then 

pos i t i ve  d i s p e r s i o n  o c c u r s  (the phase  ve loc i t y  of sma l l  
o sc i l l a t i ons  i n c r e a s e s  as the wavelength  d e c r e a s e s ) ;  
in th is  c a s e  the c h a r a c t e r i s t i c  d imens ion  of  s t a t iona ry  
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r a r e f ac t i on  waves  is of the o r d e r  

r go ~ ~ ~Ooe 

as i s  c l e a r  f rom e x p r e s s i o n  (2.2). 
Thus, in a hot p l a s m a  d i spe r s ion  effects  a re  b a s i -  

ca l ly  caused  by the f ini te  s ize  of the L a r m o r  r ad ius  
and not by the e l ec t ron  i n e r t i a .  

We reduce  the sys t em of equat ions  (1.1) to d i m e n -  
s i on l e s s  form:  

a-~ v +  =0, 

o, v ~- P 2 t - 2  h -}- V 
ap O (v 2 Oh ~ - v- )l = o ,  

o-~ v ~- - - + - ~ -  = 0 ,  

_+. f~ a [ 2 p _ . } _ u ' + v  ~ h~ i W Oh ~ 

2 Oh ap ~ Oh Ou 
2h 0% -~-  

0 Oh O~h 

Xr176 H ~2 Po 
~ =  ~ , h =  Ho V -- 

m VAO)oi 
[~ = _A" "~ = t (1.3) 

Here  the ve loc i ty  and p r e s s u r e  a r e  n o r m a l i z e d  by 
the Atfv~n ve loc i ty  VA and the quant i ty  P0VAL r e s p e c -  
t ively,  and these  quant i t i es  a re  r e p r e s e n t e d  by the 
s ame  symbols  as be fore .  

2. S~ationary mot ions .  We shal l  cons ide r  s t a t iona ry  
p l a s m a  mot ions  on the bas i s  of the s y s t e m  of equa-  
t ions  (1.3), and in o r d e r  to do th is  we pass  as Usual 
to a coordina te  s y s t e m  at tached to a wave moving  with 
cons tan t  ve loc i ty .  In this  coord ina te  s y s t e m  the p l a sma  
moves  in  the pos i t ive  d i r ec t i on  of the x axis .  For  s ta -  
t i o n a r y  mot ions  we have the equat ions  

a = iV, 

I ap d (  dh) 
p "37 -~ h 2 + ]'~V 2h d~ v - -  ~ V - - ~  ~- C~, 

apV du __ O, 
uv + 2h d~ 

u[2p_~,  u~+v  ~ ~ l 2 dh)~ 

2h d~ v - - ~ 2 V ~ -  --  

~ dh (2.1) 
4~tt2~c h ~ = ]C~ , (cent 'd.) 

lt [h__ ~2 ff ~ dh dh 

/ = c o n s t ,  C ~ = p 0 + ~ / ~ + ] 2  C 2 = 2 p 0 + ~ / d + ~ .  

Here  j is the m a s s  flux. 
For  convenience ,  in  the ana lys i s  which follows we 

shal l  t r a n s f o r m  the s y s t e m  of equat ions  (2.1) to equa-  
t ions  solved with r e spec t  to t he i r  firs~ de r iva t ives  in 
o r d e r  to obtain the d i rec t ion  field.  We shal l  take the 
p l a s m a  to be f a i r l y  hot (8up / H ~ >> m~ / toO, which will  
al low us  to neg lec t  the e l ec t ron  i n e r t i a .  Then the s y s -  
t e m  of equat ions (2.1) a s s u m e s  the fo rm 

dV 2h 
= _ ~ ~,, 

d-~ 

dh ( ~4 ~ ~ ~ z ~ -  = V h - - l  = ~ ) ,  (2.2) 

dv 2h (p_4_ i 2 C~). 

p = V  -1 {C~ - -  h + 1/, 2 v 2 - -  (C  1 - 1/2 ]2V - -  1/2h2 ) V } ,  ( 2 . 3 )  

The e q u i l i b r i u m  s ta tes  l (ahead of the wave front)  
and 2 (behind the wave front)  a r e  de te rmined  by the 
s ingu la r  points  of Eqs.  (2.2). Setting the r ight  s ides  
of these  equat ions equal to zero,  we obtain:  

in the unpe r tu rbed  state  (ahead of the front) ,  

v = ~ = 0 ,  V =V1 = t ,  h = h  1 = 1 ,  (2.4) 

in  the pe r tu rbed  state (behind the front),  

v =v2  = 0 ,  h =h2  =V2 ~1, 

V : V 2 - -  2(1+2po)+/'2 3/2 (2.5) 

If j2 < 1 + 2p0, then V 2 > t ,  and no wave jo ining the 
two di f ferent  s ta tes  ex is t s  (such a wave would be a r a r -  
efact ion wave).  In th is  case  the s t eady- s t a t e  solut ion 
is  the isola ted wave found in  [1], which uni tes  two 
ident ica l  s ta tes .  We note that  in [1] the bas ic  equation 
desc r ib ing  the s t a t i ona ry  wave is  g iven for  the case  
7 ~ 2, although Y = 2 for  the mot ions  of a co l l i s i on l e s s  
p l a sma  a c r o s s  the magnet ic  field, and so we can not 
pass  d i rec t ly  f rom the r e su l t s  of pape r  [1] to the case  
which i n t e r e s t s  us .  For  sma l l  ampl i tudes  it is  not dif-  
f icult  to obtain 

2 r ~ / ' 3  - -  1 
(2.6) 

r  w = s ( t - - 1 / 2 I ~ m a x ] ) ,  s = ~ { + 2 p 0 ,  

where  w is  the ve loc i ty  of the i so la ted  wave.  The i so -  
lated wave is a r a r e f ac t i on  wave and i t s  ve loc i ty  is  
l e s s  than  the ve loc i ty  of sound.  If j2 > 1 + 2po (the 
wave veloci ty  is  g r e a t e r  than the ve loc i ty  of sound), 
then V 2 < 1, and a shock wave occu r s  which jo ins  two 
p r o g r e s s i v e  p l a s m a  fluxes having d i f fe rent  p a r a m e t e r  
va lues  and propagates  without change of prof i le  at a 
c e r t a i n  cons tan t  ve loci ty .  In what follows we shal l  
pay p a r t i c u l a r  a t tent ion to the shock wave s t r u c t u r e ,  
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i . e . ,  to the c a s e j  > l + 2 p  0. 
We shal l  inves t iga te  the s ingu la r  points of the sys -  

t em of equat ions (22) .  To do this  we l inea r i ze  Eqs.  
(2.2) c lose  to t he i r  s ingu la r  points,  taking the depar -  
t u r e  of al l  quant i t ies  f rom the i r  values  in  (2.4), (2.5) 
to be smal l ,  i . e . ,  we a s sume  

V =V~.~ (t +q~), h =h,,~ (i + ~ ) ,  (2.7) 

where % qv ~ I. Retaining quant i t ies  of the f i r s t  o r de r  
of s m a l l n e s s ,  we obtain 

dq) 2h~ 2 d $  

dv 2hl ,~  
d~ - -  ~ [( /~V~,~--  As) '~ + h,,***l, (2 .8)  

A, ---- h~,~ [C2 --  h,,~ --  (C~ --  j~ V~,~ --  ~/~ h~,~) Vaa], 

A z  = h~a (C~ - -  h~a - -  x/~jzV~.a) . (2.9) 

Assuming  a dependence % , ,  v ~ exp (IX~), we obtain 
the c h a r a c t e r i s t i c  equation 

( 2h1# ~z /2VI 2 - -  A2 
• - -  IX~ + \ - ~ 1 1  VI,~ • - -  

- ( -~ ( )  ~, , . .  ~ , ,~-  ~ -  h , b  = 0 ( 2 . 1 0 )  

The p l a s m a  conduct ivi ty is  taken to be fa i r ly  large,  
so we can seek the roots of Eq. (2.10) in the form of 
a s e r i e s  in  powers  of x, i . e . ,  

ix = Ixl0) + • + . . . .  (2.11) 

Setting (2.11) in (2.10), we find the roots of the 
cha rac t e r i s t i c  equation 

2h 1 ~ f h l  ~_{_ V, , A~--I~V1 2~ -L. 2x 
IX=4---:~-~j( ~ ' ]  __(-~1V1.~)2. (2.12) 

The thi rd  root is  equal to 

t 4 u  
= Uhl ,  2 (~A1V1.2$) 2 >~ I . (2.13) 

For  the per tu rbed  state the roots  of the c h a r a c t e r -  
i s t ic  equation a re  r ea l  and dif ferent  and two of them 
have different  s igns ;  thus the s ingu la r  point c o r r e -  
sponding to the pe r tu rbed  state is a genera l ized  sad-  
dle point (see [3]), and the in tegra l  curve  goes into 
the s ingu la r  point V = V2, h = h2, v = 0 a t  suff icient ly 
la rge  values  of 4. For  the unper tu rbed  state the roots  
of (2.12) a re  equal to 

_ _  2x ( 2 . 1 4 )  IX = 4- i 2 ] / ~ i ~ 1  - -  2p0 q- (up0? ct,o0 

The rea l  pa r t s  of the roots differ  f rom zero and 
have the same sign.  Thus for negative ~ the s ingu la r  
point  V = h = 1, v = 0, co r r e spond ing  to the u n p e r -  
tu rbed  p l a sma  state ahead of the shock wave, is  a 
genera l ized  node point, and the in tegra l  cu rves  ap-  
proach the s ingu la r  point  unde r  cons idera t ion  a symp-  
to t ical ly ,  " twist ing" around it .  

If we pass  to the case  of an ideal  p lasma (a = ~, 
x = 0), then the roots  of the cha rac t e r i s t i c  equation 
for the unper tu rbed  state a re  pure ly  imag ina ry :  

2 '2 
IX = • i s~po l /1  - - t  --2po 

It follows f rom the theory  of d i f ferent ia l  equations 
[3] that a s ingu la r  point may, in the p resence  of imag -  
i na r y  roots ,  be both a cen t e r  (the in teg ra l  curves  a re  
closed cu rves  which c i r c l e  around the s ingu la r  point 
without pas s ing th rough  it), and also a focus (the in tegra l  
cu rves  "twist w around the s ingu la r  point,  approaching 
it asymptot ica l ly) .  To de te rmine  what sor t  of s ingu la r  
point we have in  this  case,  we mus t  take into account 
t e r m s  of the next  o r de r  of sma l lnes s ,  which we re= 
je t t ed  in obtaining the sys tem (2.8). We may then wri te  
the n e c e s s a r y  equat ions (for an ideal  p lasma)  in the 
fo rm 

t dr __ t dv 
-~ apo ~ - -  - -  v,  -~ aPo -d~ = 

= (]3 _ 1 - -  2p0) r + / (r r . . . . .  v2), (2.15) 

where  the function f contains  t e r m s  of the o rde r  of 
r ~3 . . . . .  and v 2. Equations (2.15) a re  s y m m e t r i c a l  
re la t ive  to the ~ axis (or V), i . e . ,  they a re  inva r i an t  
with respec t  to the t r a n s f o r m a t i o n  4 ~ -4,  v ~ - v .  

�9 i 
Thus, in accordance  with P o m c a r e ' s  t heo rem [3], the 
s ingu la r  point V = 1, (~ = 0), v = 0, cor responding  to 
the unper turbed  state of an ideal  p lasma,  is  a cen te r .  
Thus i t  follows that  in the case of a p l a sma  with in -  
f inite conduct ivi ty  the in tegra l  curve  leaving the s ingu-  
l a r  point  co r respond ing  to the pe r tu rbed  state neve r  
reaches  the s ingu la r  point cor responding  to the u n p e r -  
tu rbed  s ta te .  Thus in an ideal  p l a s m a  the re  is  an in -  
finite train,  of undamped per iodic  waves;  na tu ra l ly  
such a s t ruc tu re  cannot be cal led a shock wave, as it  
was in [2]. 

If a ~ ~,  (n ~ 0), then the ampl i t udeo f thepe r iod i c  
waves will  be damped as they move towards the un-  
per tu rbed  p lasma (for 4 -" -co). Such a s t ruc tu re  is  a 
Shock wave jo ining two different  s tates ,  while the 
shock wave region (more exactly, i t s  leading edge) 
has an osc i l l a to ry  s t ruc ture ,  so that  the shock wave 
in  a hot p l a sma  be a r s  a qual i tat ive r e semblance  to the 
shock wave in  a co l l i s ion less  cold p lasma,  propagat-  
ing at an angle to the magnet ic  field, as was noted in 

[11. 
We shall  cons ide r  the s t ruc tu re  of the shock wave 

close  to the equ i l ib r ium s ta tes  V = h = 1, v = 0 and 
V = V2, h = V~-', v = 0, l i nea r i z ing  and using the sys -  
t em of equat ions (2.8). Close to the unper turbed  state 
the shock wave profi le  s t a r t s  f rom smal l  osc i l la t ions  
whose ampli tude gradual ly  i n c r e a s e s .  For  this par t  
of the profi le  (for ~ < 0) we may wri te  

h(~ )  = t + Ce ~ c o s  k~, 

(uS -- 1) cos k~ + xksin k~ V(~) = t + C e ~,  (x6-  l) ~ + • ~ 

v ( r  = - - l h a p o C  ( 6 c o s k ~ - - k s i n k ~ ) e  ~ , (2.16) 

C=coas t ,  6 - -  2x k ~  2n nap0 
(~p0) ~ ' k V~------ t -- 2p0 

Here 6 i s  the growth i n c r e m e n t  of the ampli tude os -  
c i l la t ions ,  k is the wavelength of the osc i l l a t ions .  
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Thus it is clear that when the unperturbed pressure 
is increased, significant damping appears over a great- 
er length, and the linear dimension of the oscillations 
increases~ We note that the magnitude of the damping 
is determined by the conductivity and pressure alone, 
and does not depend on the velocity of the shock wave, 
while the dimension of the oscillations depends sig- 

nificantly on the shock wave velocity, being inversely 
p r o p o r t i o n a l  to th i s  v e l o c i t y  fo r  ]2 >~ t + 2p0. Close  to 
the  e q u i l i b r i u m  p e r t u r b e d  s t a t e  (for ~ > 0) the  shock  
wave  p r o f i l e  i s  d e s c r i b e d  by  the f o r m u l a s  

V (g) = Vu {1 + C  (1 - -  • e~,}, 

v (~) : - -  .~aAz C~tV~ (t  - -  u~th~) e ~ .  (2.17) 

Here  C > 0 i s  an a r b i t r a r y  cons tan t ,  A l i s  d e t e r -  
mined  by  e x p r e s s i o n  (2.9),  and p by e x p r e s s i o n  (2.12) 
with a m i n u s  s ign  in f ron t  of the f i r s t  t e r m .  

The c o m p l e t e  s t r u c t u r e  of a shock wave of a r b i -  
t r a r y  s t r e n g t h  m a y  be found by  so lv ing  the  s y s t e m  of 
equa t ions  (2 .2) .  This  s y s t e m  was  so lved  n u m e r i c a l l y ,  
va lue s  of the  spec i f i c  vo lume V, the  magne t i c  f ie ld  
h and the t r a n s v e r s e  v e l o c i t y  v, c a l cu l a t ed  f r o m  f o r -  
m u l a s  (2.17) fo r  a c e r t a i n  f a i r l y  l a r g e  pos i t i ve  ~ = ~0 
be ing  chosen  a s  the  in i t i a l  cond i t ions .  Thus s y s t e m  
(2~ was  so lved  f r o m  a poin t  ~0, c l o s e  to  the  equ i -  
l i b r i u m  p e r t u r b e d  s t a t e ,  to a point  ~ = ~max, w h e r e  
the  a m p l i t u d e s  of  the  r e q u i r e d  funct ions  app roac he d  
su f f i c ien t ly  c l o s e  to the  v a l u e s  c o r r e s p o n d i n g  to the  
u n p e r t u r b e d  e q u i l i b r i u m  s t a t e .  By way  of example ,  
the  p ro f i l e  of  a shock wave  i s  g iven in the  f igu re  fo r  
the  fol lowing va lue s  of the  p a r a m e t e r s  P0 = 0 .4 ,  j = 
= 2, ~ = 0 .5 .  In th i s  c a s e  the  to ta l  length of  the  shock 
t r a n s i t i o n  r eg ion  is  roughly  10 c / ~ 0 i .  As the  u n p e r -  
t u r b e d  ion p r e s s u r e  i n c r e a s e s ,  th is  r eg ion  i s  ex tend-  
ed,  and the l i n e a r  d i m e n s i o n  of the  o s c i l l a t i o n s  in -  
c r e a s e s .  

3o N o n s t a t i o n a r y  w a v e s .  We sha l l  now c o n s i d e r  non-  
s t a t i o n a r y  w a v e s  of  f in i te  but  s m a l l  ampl i tude ,  p r o p a -  
ga t ing  a c r o s s  the  m a g n e t i c  f ie ld  in a hot  i dea l  p l a s m a .  
F o r  w e a k w a v e s ,  a s s u m i n g  V = t  §  h-- - - t  + ~  (% 

~ l) and r e t a i n i n g  in Eqs .  (1.3) t e r m s  up to and 
inc lud ing  those  of the  second  o r d e r  of s m a l l n e s s ,  in 
dev ia t ions  f r o m  the  u n p e r t u r b e d  va lues ,  j u s t  a s  in [4] 
fo r  waves  in a co ld  p l a s m a ,  we obta in  the equat ion 

a ,  + s a ,  3 , ar i l -  ( ~po p-] a~, re.l) 

If  we p a s s  to the  c a s e  of  a cold  p l a s m a  (P0 ~ O), 
then s ~ 1 and Eq.  (3.1) c o i n c i d e s  with Eq. (2~ 34) 
of  [4] with an a c c u r a c y  to the  s y m b o l s  involved o A f t e r  
the  change  of v a r i a b l e s  

Eq. (3.1) r e d u c e s  to the  f o r m  

at a! o~] = 0 (3 3) 

A so lu t ion  of  th i s  equat ion was  found in [4], givin~ 
the  a s y m p t o t i c  b e h a v i o r  of  waves  of  f ini te  but  s m a l l  
amp l i t ude  exc i t ed  by a "magne t i c  p i s ton"  ac t ing  on the 
p l a s m a - v a c u u m  bounda ry  in the  c o u r s e  of  a l i m i t e d  
t i m e  i n t e r v a l ,  The s a m e  so lu t ion  a l so  holds  for  waves  

/.2 

-- """o'vuuulruuUI UUUU 

in a hot  p l a s m a .  If  we n e g l e c t  e l e c t r o n  i n e r t i a ,  then 
f o r m u l a s  obta ined  in [4] f o r  waves  p r o p a g a t i n g  in a 
cold  p l a s m a  at  an angle  0 to the  magne t i c  f ie ld  a l so  
apply  to the  c a s e  u n d e r  c o n s i d e r a t i o n ,  whi le  the  quan-  
t i t y  (c / 0~0~) (2nap0 / H02) p l a y s  the  p a r t  of c h a r a c t e r i s t i c  
l i n e a r  d i m e n s i o n  in s t ead  of cO / c00~. 

In conc lus ion  the au thor  thanks  R. Z. Sagdeev and 
N. N. Yanenko fo r  d i s c u s s i n g  the p a p e r ,  and a l so  R. N ~, 
M a ka rov  fo r  he lp ing  with the n u m e r i c a l  computa t ions~  
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